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Experimental observation of a chaotic attractor with a reverse horseshoe topological structure
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We have characterized the topological organization of chaotic regimes of a modulated NdywtA®n
aluminum garnetlaser using template analysis. This investigation revealed a topological structure not previ-
ously observed in an experimental system nor in numerical simulations of models of this laser to our knowl-
edge. This structure corresponds to the so-called reverse horseshoe theoretically described by Gilmore and
McCallum [Phys. Rev. B51, 935(1995]. [S1063-651X97)50104-9

PACS numbgs): 05.45:+hb, 42.65.Sf, 42.55.Rz

The experimental study of a system displaying chaoticanalysis proposed by Mindliet al.[3,4] allows one to un-
behavior requires characterization methods which can extradeld this complexity by analyzing UPO using concepts from
in a robust way the invariant properties of a chaotic regime<not theory[5,6]. For example, a pair of periodic orbits can
from apparently erratic signals. This is usually done by rebe characterized by their linking number, which measures

constructing a strange attractor, an invariant set of the phadd®W many times one orbit winds around the other. The rel-
vance of knot invariants to chaotic dynamics owes much to

zﬁZfezi\r:VhIfhrilstEie rﬁsyégfr?tlgx dyenoanr?elfjcé\sl gg.g:;d eto, an&he fact that determinism precludes that different trajectories
yzing gnly piex g : » €94 intersect. As a consequence, linking numbers and other to-

[1]). Traditionally, quantitative measures of chaos have foyg|ggical invariants remain constant as a control parameter is

cused on global statistical properties of the attractor, such &gyried. Additionally, their invariance with respect to small
fractal dimensions or Lyapunov exponefily. deformations makes their experimental determination quite
However, attractors are not the only invariant sets of chainsensitive to noise, provided periodic orbits are well sepa-
otic dynamics. In recent years, there has been an increasegked.
interest in using unstable periodic orb{tsPO) to character- Moreover, a systematic study of the topological organiza-
ize chaotic attractors. Indeed, a typical chaotic attractor hagon of the UPO embedded in a chaotic attractor is allowed
embedded in it a dense set of UPO, and one may reasonalily the existence of a two-dimensional branched manifold,
hope to use these to approximate the attractor in a hierarchihe template(or “knot-holder”) [7,8], such that all the peri-
cal way: low-period orbits model the overall structure of theodic orbits can be laid on it without modifying any of their
attractor, while finer details can be resolved using highertopological invariants. The template, whose structure can be
period oneg(see, e.g.[2]). Of particular importance is the concisely described by small integer matri¢8$, thus de-
fact that UPO can be extracted from experimental time sescribes the global topological organization of the chaotic at-
ries. tractor. Experimentally, measuring the invariants of a few
In the phase space of the system, unstable periodic orbifgeriodic orbits suffices to determine the associated template,
are represented by closed curves. While these are relativetiie remaining orbits being used to check the validity of the
simple objects, they are intertwined in a very complex wayresults[4].
due to the chaotic dynamics. For three-dimensional systems As advocated by their authof8,4,9|, one distinct advan-
with at most one positive Lyapunov exponent, the templatdage of this approach is its ability to give a clear-cut
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FIG. 1. Time series oX(t)=log(l +1,) wherel is the laser
output intensity and, is a small constant which can be adjusted in —
the logarithmic amplifier used for signal processifigs the modu- X(t)cos o t (arb. units)

lation period.
FIG. 2. Phase portrait of the attractor in the plane
answer as to whether a theoretical model is incompatibl&€X(t)cosp.X(t)sing], where¢= wt is the modulation phase.

v_vith give_n experiment_al data._lf the analysis of experimen_ta{ii.‘ump parameteA (the ratio of pump power to its value at
time series and of time series ge_nerated from numeric reshold can range up to 3. In our experiment, the pump
s!mulathns of a model, embedded_ in the same phase SPaGSower is sinusoidally modulatedy=Aq(1+m coswt), and
yields different templates, then this model, at least for thgne |aser undergoes a classical period-doubling cascade lead-
values of the parameters used in the simulations, has t0 RRg to chaos when the frequency modulation is of the order
rejected. of the relaxation frequencw, of the laser, which is about
However, except for a catalytic reaction whose template; 00 kHz here. In this paper, the topological organization of a
has unfortunately not been exactly determiri@@], most  chaotic regime for parametefs,=1.2, m=0.5, andw=54
experimental investigations so far, in optif®,11-13, in  kHz, is analyzed. It should be noted that as the resonance
chemistry[4,14] or mechanic$15], have revealed the same frequency markedly decreases when the modulation ampli-
topological structure, namely the one described by the sotude is increased, these parameters in fact belong to the reso-
called Smale’s horseshoe with zero global torsion. Horsenance tongue originating ai= w, . The laser output inten-
shoe templates with global torsions have been observed in aity was monitored with a W& _,As detector, and pro-
optical fiber lasef16]. One may then wonder whether the cessed using a logarithmic amplifier in order to obtain a sig-
horseshoe class is so ubiquitous as to make template analys$igl suitable for topological analysisee, e.g.[12]). The
helpless for testing the relevance of a model. present analysis has been carried out on a time series corre-
In this Communication we show that this is not the caseSponding to 5<10° periods of modulation, recorded at a rate
by reporting the observation of regimes of a Nd:YAG Of 100 samples per modulation period. A typical signal is
(yttrium aluminum garnetlaser with pump modulation that Shown in Fig. 1. . .
are associated with a different type of template. The corre- Let us now briefly describe the procedure of the analysis.
sponding topological organization has been theoretically preEirst, unstable periodic orbits are extracted from the time
dicted to be observable in nonlinear driven oscillators bySeries using close return techniques similar to those de-
Gilmore and McCallunj17] (they termed it “reverse horse- Scribed in Refs.[4,9,12,13 a time series segment
shoe”), but to our knowledge has not yet been encounteredX(t);to<<t<to+nT; is considered to shadow an unstable
in other experiments, nor in numerical studies of models of€riodnT orbit if |X(t) —X(t+nT)[<e for eachX(t) be-
this type of laser. While this template has a two-branch struclonging to that segment, whereis in the order of a few
ture as is the case of the above-mentioned templates, ti€rcent. Doing so, we detected eight orbits, with periods up
difference is readily shown by analyzing the lowest-periodt© 9T. o .
orbits: the period-Z orbit (T is the modulation periodis These periodic segments then have to be embedded in a
unknotted, but the knot type of the period-8rbits is that of ~Phase space, so that the topological invariants of the corre-
a trefoil knot, the simplest knot beyond a trivial loop. In SPonding trajectories can be computed. As in previous inves-
contrast to this, the periodi2and 3T orbits of experimental  tigations[12,13, we embedded the time series in a phase
chaotic attractors characterized by topological analysis wergpace with cylindrical coordinatgsX(t),X(t),#(t)], where
either all unknotted4,9,11-15 or all knotted[16]. ¢(t)=wt mod 27 is the modulation phase. A plane phase
The experimental system consists of a Fabry-Perot laseportrait of the embedded attractor is displayed in Fig. 2, and
cavity, end-pumped by a cw laser diode operating at 812 nma first return map in a section plane of constant phase is
The Nd:YAG rod is 10 mm long, 7 mm in diameter, and plotted in Fig. 3. We recall that the analysis does not require
contains a nominal N&" concentration of 1.1%. One of the the actual computation of the time derivativeXft). Rather,
two plane ends is highly reflective at the laser wavelengtlgiven a time series segment corresponding to a peribd-
(1064 nm, and the other is antireflection coated. The outputorbit, a simple plot 0X(#(t)) versuse(t) displays the orbit
coupler is concave, with a radius of curvature of 40 mm, andhs a braid om strands(see, e.g.[12,13), as can be seen in
has a reflectivity of 97%. A Fabry-Perot etalon and a Brew-Fig. 4. Listing the crossings which occur dsis increased
ster plate are inserted inside the cavity to select single-modeom 0 to 27 gives an algebraic description of the braid, the
oscillation on a linear polarization. In these conditions, thebraid word[6], from which the various topological invariants
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X(t) (arb. units)

wt mod 27w

X1 (arb. units)

FIG. 4. A time series segment shadowing one of the period-
3T orbits is plotted as a function ab(t) = wt mod 2. This pre-
sents this orbit as a braid on three strands. The number of crossings
in this plot gives the self-linking number of the orbit which here is
4. This value is to be contrasted with that obtained for standard
horseshoe templates, i.e+86, where the integep is the global
torsion.

Xy, (arb. units)

FIG. 3. First return diagramX,,; vs X,, where
X,=X(to+nT) is a stroboscopic sampling of the signal, ahds

the modulation period. This map corresponds to a section plane of
constant modulation phase. It can be seen to be highly similar to It should be recalled that, depending on the sign conven-

those observed in systems whose topological organization is ddions, the same system can be described by two templates
scribed by the standard Smale’s horseshoe template. differing only by their handedness. However, when using, as
here, an embedding which forbids negative topological in-
can be computed. One distinct feature of the embedding weariants, only one of them may be a solution. To compare
have used is that periodic orbits are naturally presented agur result to those of previous investigations, we thus choose
positive braids, i.e., all their crossings have the same sigrin each case the sign convention leading to positive invari-
which can be chosen to be positive. This implies that theants. With this point in mind, th@=0 case corresponds to
entries of the template matrix, which are directly related tothe experiments reported in Refd,9,11-1§, while horse-
the torsions and linking numbers of peridderbits[3,4], are ~ shoe templates witl#=1, 2, or 3 have been observed in an
positive. This property will be of particular importance in the optical fiber lasef16].

foregoing discussion. Rewriting Eq.(1a) as

Table | displays théself-) linking numbers of the lowest-
period orbits detected in our experiment. Given this informa- T ( 0 0 >+ ( 2 2) 3)
tion about the relative placement of the UPO, we may now 0 -1 2 2

seek a template that holds a set of periodic orbits with iden-

tical periods and topological invariants. As usual, the temit is easily seen that the template we have observed is in fact
plate branches are labeled “0,” “1,! .., starting from the the mirror image of the standard horseshoe template with
leftmost branch. We find that two two-branch templates arezero global torsiorias described by Eg$2)], plus a global
compatible with the experimental data. They correspond taorsion of one turn. From the discussion above, it should be
two equivalent representations of the same topological struelear that this discrepancy with previous reports does not
ture, and can be distinguished according to whether the orbgtem from an unfortunate choice of sign convention nor of
corresponding to the experimental peribdsrbit is located phase-space orientation. Moreover, we do not think that the
on the “0” or the “1” branch of the template. For definite- phenomenon recently described by Mindlin and Solari— un-
ness, and to ease comparison with other works, let this orbiler certain conditions the topology of an attractor may dra-
be held by the “1” branch. The template matrix of the cor- matically depend on the chosen embeddjdgl—can ex-

responding solution reads
TABLE I. Self-linking numbers and linking numbers of the
2 2 lowest-period orbits detected in the experimental time series. The
T 2 1) (1a entries left blank correspond to invariants whose value could not
be ascertained, because different estimates were obtained when us-

with the insertion matrix being ing two different time series segments corresponding to the same

orbit.
1=l )- (1b) iT 2t 3T, 3T, 4T 5T 7T 9T
This result is to be contrasted with the standard horseshogr 0
template, whose template and insertion matrices are given by 1 1
20 20 0 0 2 2 3Ta 2 4 4
S_ +p 2a 3T 2 4 6 4
 \20 1+26) 0 1 2 2 47 2 5 8 7
5T 3 6 10 10 12
IMW3=0 1), (2b) 7T 8 14 14 24
9T 5 18

where the intege# stands for the global torsion.
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plain our observations, since the attractors we studied are natents, andii) standard horseshoes and a spiral three-branch
split into several disjoint pieces. We can therefore concludeemplate have been identified in numerical studies of these
that our results are the signature of a different type of topotasers. In view of the complex structure of the bifurcation
logical organization, and are not due to artifacts of the analydiagram of nonlinear driven oscillators described by Gilmore

sis.

and McCallum[17], this gives us some confidence that a

What makes this result highly interesting is that previoussystematic exploration of the parameter space of these sys-

template analyses of a modulated £@ser[12,13, using

tems using template analysis may provide an accurate test of

the same embedding as here, found a horseshoe templaf yalidity of the class-B laser model.

with zero global torsion. Indeed, the Nd:YAG laser and the

In conclusion, we performed a template analysis of cha-

CO;, laser are generally both considered to be class-B lasergyic regimes from a Nd:YAG laser. This characterization
i.e., lasers where the polarization of the gain medium evolvegnowed a topological organization of the reverse horseshoe
much faster than the inversion population or the radlatlor‘[ype, which to our knowledge has not yet been observed
intensity[19-21. As a result, the single-mode behaviors of experimentally. Topological analysis thus allowed us to un-
these two lasers can in principle be modeled by the veryej clear-cut differences from previous laser experiments
same set of equations, the so-called “two-level rate equaghich would likely have remained otherwise unnoticed,

tions” [20,21], and correspond to parameters of the samejiven the high similarity of the signals corresponding to stan-
order of magnitude. Furthermore, numerical studies of thigjard and reverse horseshoes.

model with parameters corresponding to the LCé€xperi-

We believe that the present work certainly motivates fur-

ments seemed to indicate that the topological organization Gher experiments and numerical investigations of the model
its chaotic regimes was globally described by the horseshogescribing both these lasers, and illustrates the relevance of

template with zero global torsiof22], until a three-branch

template analysis in the study of the dynamical properties of

spiral template was discovered very recently for slightly dif-|o\.-dimensional chaotic systems.

ferent values of the control paramet¢g3]. As for the re-

verse horseshoe template that corresponds to our experiment, The Laboratoire de Spectroscopie Hertzienne is ‘Udite
it remains to be observed in numerical simulations of theRecherche Assodieau CNRS. The Centre diidles et Re-

modulated class-B laser model.
To summarize, we are in a situation wheig standard

cherches Lasers et Applications is supported by the Minis-
tere chargede la Recherche, the Bien Nord-Pas de Calais,

and reverse horseshoes have been observed in laser experid the Fonds de @eloppement Eonomique des Rgons.
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