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Experimental observation of a chaotic attractor with a reverse horseshoe topological structure

G. Boulant, S. Bielawski, D. Derozier, and M. Lefranc
Laboratoire de Spectroscopie Hertzienne, URA CNRS 249, Centre d’E´ tudes et de Recherches Lasers et Applications,

Universitéde Lille I, F-59655 Villeneuve d’Ascq Cedex, France
~Received 31 December 1996!

We have characterized the topological organization of chaotic regimes of a modulated Nd:YAG~yttrium
aluminum garnet! laser using template analysis. This investigation revealed a topological structure not previ-
ously observed in an experimental system nor in numerical simulations of models of this laser to our knowl-
edge. This structure corresponds to the so-called reverse horseshoe theoretically described by Gilmore and
McCallum @Phys. Rev. E51, 935 ~1995!#. @S1063-651X~97!50104-8#
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The experimental study of a system displaying chao
behavior requires characterization methods which can ex
in a robust way the invariant properties of a chaotic regi
from apparently erratic signals. This is usually done by
constructing a strange attractor, an invariant set of the ph
space which the asymptotic dynamics is confined to,
analyzing this highly complex geometrical object~see, e.g.,
@1#!. Traditionally, quantitative measures of chaos have
cused on global statistical properties of the attractor, suc
fractal dimensions or Lyapunov exponents@1#.

However, attractors are not the only invariant sets of c
otic dynamics. In recent years, there has been an incre
interest in using unstable periodic orbits~UPO! to character-
ize chaotic attractors. Indeed, a typical chaotic attractor
embedded in it a dense set of UPO, and one may reason
hope to use these to approximate the attractor in a hiera
cal way: low-period orbits model the overall structure of t
attractor, while finer details can be resolved using high
period ones~see, e.g.,@2#!. Of particular importance is the
fact that UPO can be extracted from experimental time
ries.

In the phase space of the system, unstable periodic o
are represented by closed curves. While these are relat
simple objects, they are intertwined in a very complex w
due to the chaotic dynamics. For three-dimensional syst
with at most one positive Lyapunov exponent, the templ
551063-651X/97/55~4!/3801~4!/$10.00
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analysis proposed by Mindlinet al. @3,4# allows one to un-
fold this complexity by analyzing UPO using concepts fro
knot theory@5,6#. For example, a pair of periodic orbits ca
be characterized by their linking number, which measu
how many times one orbit winds around the other. The r
evance of knot invariants to chaotic dynamics owes much
the fact that determinism precludes that different trajecto
intersect. As a consequence, linking numbers and other
pological invariants remain constant as a control paramete
varied. Additionally, their invariance with respect to sma
deformations makes their experimental determination q
insensitive to noise, provided periodic orbits are well se
rated.

Moreover, a systematic study of the topological organi
tion of the UPO embedded in a chaotic attractor is allow
by the existence of a two-dimensional branched manifo
the template~or ‘‘knot-holder’’! @7,8#, such that all the peri-
odic orbits can be laid on it without modifying any of the
topological invariants. The template, whose structure can
concisely described by small integer matrices@3#, thus de-
scribes the global topological organization of the chaotic
tractor. Experimentally, measuring the invariants of a f
periodic orbits suffices to determine the associated temp
the remaining orbits being used to check the validity of t
results@4#.

As advocated by their authors@3,4,9#, one distinct advan-
tage of this approach is its ability to give a clear-c
R3801 © 1997 The American Physical Society
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answer as to whether a theoretical model is incompat
with given experimental data. If the analysis of experimen
time series and of time series generated from numer
simulations of a model, embedded in the same phase sp
yields different templates, then this model, at least for
values of the parameters used in the simulations, has t
rejected.

However, except for a catalytic reaction whose templ
has unfortunately not been exactly determined@10#, most
experimental investigations so far, in optics@9,11–13#, in
chemistry@4,14# or mechanics@15#, have revealed the sam
topological structure, namely the one described by the
called Smale’s horseshoe with zero global torsion. Hor
shoe templates with global torsions have been observed i
optical fiber laser@16#. One may then wonder whether th
horseshoe class is so ubiquitous as to make template ana
helpless for testing the relevance of a model.

In this Communication we show that this is not the ca
by reporting the observation of regimes of a Nd:YA
~yttrium aluminum garnet! laser with pump modulation tha
are associated with a different type of template. The co
sponding topological organization has been theoretically p
dicted to be observable in nonlinear driven oscillators
Gilmore and McCallum@17# ~they termed it ‘‘reverse horse
shoe’’!, but to our knowledge has not yet been encounte
in other experiments, nor in numerical studies of models
this type of laser. While this template has a two-branch str
ture as is the case of the above-mentioned templates
difference is readily shown by analyzing the lowest-per
orbits: the period-2T orbit (T is the modulation period! is
unknotted, but the knot type of the period-3T orbits is that of
a trefoil knot, the simplest knot beyond a trivial loop.
contrast to this, the period-2T and 3T orbits of experimental
chaotic attractors characterized by topological analysis w
either all unknotted@4,9,11–15# or all knotted@16#.

The experimental system consists of a Fabry-Perot la
cavity, end-pumped by a cw laser diode operating at 812
The Nd:YAG rod is 10 mm long, 7 mm in diameter, an
contains a nominal Nd31 concentration of 1.1%. One of th
two plane ends is highly reflective at the laser wavelen
~1064 nm!, and the other is antireflection coated. The out
coupler is concave, with a radius of curvature of 40 mm, a
has a reflectivity of 97%. A Fabry-Perot etalon and a Bre
ster plate are inserted inside the cavity to select single-m
oscillation on a linear polarization. In these conditions,

FIG. 1. Time series ofX(t)5 log(I1I 0) where I is the laser
output intensity andI 0 is a small constant which can be adjusted
the logarithmic amplifier used for signal processing.T is the modu-
lation period.
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pump parameterA ~the ratio of pump power to its value a
threshold! can range up to 3. In our experiment, the pum
power is sinusoidally modulated,A5A0(11m cosvt), and
the laser undergoes a classical period-doubling cascade
ing to chaos when the frequency modulation is of the or
of the relaxation frequencyv r of the laser, which is abou
100 kHz here. In this paper, the topological organization o
chaotic regime for parametersA051.2,m50.5, andv554
kHz, is analyzed. It should be noted that as the resona
frequency markedly decreases when the modulation am
tude is increased, these parameters in fact belong to the r
nance tongue originating atv5v r . The laser output inten-
sity was monitored with a InxGa12xAs detector, and pro-
cessed using a logarithmic amplifier in order to obtain a s
nal suitable for topological analysis~see, e.g.,@12#!. The
present analysis has been carried out on a time series c
sponding to 53103 periods of modulation, recorded at a ra
of 100 samples per modulation period. A typical signal
shown in Fig. 1.

Let us now briefly describe the procedure of the analy
First, unstable periodic orbits are extracted from the ti
series using close return techniques similar to those
scribed in Refs. @4,9,12,13#: a time series segmen
$X(t);t0,t,t01nT% is considered to shadow an unstab
period-nT orbit if uX(t)2X(t1nT)u,e for eachX(t) be-
longing to that segment, wheree is in the order of a few
percent. Doing so, we detected eight orbits, with periods
to 9T.

These periodic segments then have to be embedded
phase space, so that the topological invariants of the co
sponding trajectories can be computed. As in previous inv
tigations @12,13#, we embedded the time series in a pha
space with cylindrical coordinates@X(t),Ẋ(t),f(t)#, where
f(t)5vt mod 2p is the modulation phase. A plane pha
portrait of the embedded attractor is displayed in Fig. 2, a
a first return map in a section plane of constant phase
plotted in Fig. 3. We recall that the analysis does not requ
the actual computation of the time derivative ofX(t). Rather,
given a time series segment corresponding to a periodnT
orbit, a simple plot ofX„f(t)… versusf(t) displays the orbit
as a braid onn strands~see, e.g.,@12,13#!, as can be seen in
Fig. 4. Listing the crossings which occur asf is increased
from 0 to 2p gives an algebraic description of the braid, t
braid word@6#, from which the various topological invariant

FIG. 2. Phase portrait of the attractor in the pla
@X(t)cosf,X(t)sinf#, wheref5vt is the modulation phase.
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can be computed. One distinct feature of the embedding
have used is that periodic orbits are naturally presented
positive braids, i.e., all their crossings have the same s
which can be chosen to be positive. This implies that
entries of the template matrix, which are directly related
the torsions and linking numbers of period-T orbits @3,4#, are
positive. This property will be of particular importance in th
foregoing discussion.

Table I displays the~self-! linking numbers of the lowest
period orbits detected in our experiment. Given this inform
tion about the relative placement of the UPO, we may n
seek a template that holds a set of periodic orbits with id
tical periods and topological invariants. As usual, the te
plate branches are labeled ‘‘0,’’ ‘‘1,’’ . . . , starting from the
leftmost branch. We find that two two-branch templates
compatible with the experimental data. They correspond
two equivalent representations of the same topological st
ture, and can be distinguished according to whether the o
corresponding to the experimental period-T orbit is located
on the ‘‘0’’ or the ‘‘1’’ branch of the template. For definite
ness, and to ease comparison with other works, let this o
be held by the ‘‘1’’ branch. The template matrix of the co
responding solution reads

T5S 2 2

2 1D , ~1a!

with the insertion matrix being

I5~0 21!. ~1b!

This result is to be contrasted with the standard horses
template, whose template and insertion matrices are give

Tu
HS5S 2u 2u

2u 112u D 5S 0 0

0 1D 1uS 2 2

2 2D ~2a!

Iu
HS5~0 1!, ~2b!

where the integeru stands for the global torsion.

FIG. 3. First return diagram Xn11 vs Xn , where
Xn5X(t01nT) is a stroboscopic sampling of the signal, andT is
the modulation period. This map corresponds to a section plan
constant modulation phase. It can be seen to be highly simila
those observed in systems whose topological organization is
scribed by the standard Smale’s horseshoe template.
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It should be recalled that, depending on the sign conv
tions, the same system can be described by two templ
differing only by their handedness. However, when using,
here, an embedding which forbids negative topological
variants, only one of them may be a solution. To comp
our result to those of previous investigations, we thus cho
in each case the sign convention leading to positive inv
ants. With this point in mind, theu50 case corresponds t
the experiments reported in Refs.@4,9,11–15#, while horse-
shoe templates withu51, 2, or 3 have been observed in a
optical fiber laser@16#.

Rewriting Eq.~1a! as

T5S 0 0

0 21D 1S 2 2

2 2D , ~3!

it is easily seen that the template we have observed is in
the mirror image of the standard horseshoe template w
zero global torsion@as described by Eqs.~2!#, plus a global
torsion of one turn. From the discussion above, it should
clear that this discrepancy with previous reports does
stem from an unfortunate choice of sign convention nor
phase-space orientation. Moreover, we do not think that
phenomenon recently described by Mindlin and Solari— u
der certain conditions the topology of an attractor may d
matically depend on the chosen embedding@18#—can ex-

TABLE I. Self-linking numbers and linking numbers of th
lowest-period orbits detected in the experimental time series.
entries left blank correspond to invariants whose value could
be ascertained, because different estimates were obtained whe
ing two different time series segments corresponding to the s
orbit.

1T 2T 3Ta 3Tb 4T 5T 7T 9T

1T 0
2T 1 1
3Ta 2 4 4
3Tb 2 4 6 4
4T 2 5 8 7
5T 3 6 10 10 12
7T 8 14 14 24
9T 5 18

of
to
e-

FIG. 4. A time series segment shadowing one of the peri
3T orbits is plotted as a function off(t)5vt mod 2p. This pre-
sents this orbit as a braid on three strands. The number of cross
in this plot gives the self-linking number of the orbit which here
4. This value is to be contrasted with that obtained for stand
horseshoe templates, i.e., 216u, where the integeru is the global
torsion.
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R3804 55BOULANT, BIELAWSKI, DEROZIER, AND LEFRANC
plain our observations, since the attractors we studied are
split into several disjoint pieces. We can therefore conclu
that our results are the signature of a different type of to
logical organization, and are not due to artifacts of the ana
sis.

What makes this result highly interesting is that previo
template analyses of a modulated CO2 laser @12,13#, using
the same embedding as here, found a horseshoe tem
with zero global torsion. Indeed, the Nd:YAG laser and t
CO2 laser are generally both considered to be class-B las
i.e., lasers where the polarization of the gain medium evol
much faster than the inversion population or the radiat
intensity @19–21#. As a result, the single-mode behaviors
these two lasers can in principle be modeled by the v
same set of equations, the so-called ‘‘two-level rate eq
tions’’ @20,21#, and correspond to parameters of the sa
order of magnitude. Furthermore, numerical studies of
model with parameters corresponding to the CO2 experi-
ments seemed to indicate that the topological organizatio
its chaotic regimes was globally described by the horses
template with zero global torsion@22#, until a three-branch
spiral template was discovered very recently for slightly d
ferent values of the control parameters@23#. As for the re-
verse horseshoe template that corresponds to our experim
it remains to be observed in numerical simulations of
modulated class-B laser model.

To summarize, we are in a situation where~i! standard
and reverse horseshoes have been observed in laser e
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ments, and~ii ! standard horseshoes and a spiral three-bra
template have been identified in numerical studies of th
lasers. In view of the complex structure of the bifurcati
diagram of nonlinear driven oscillators described by Gilmo
and McCallum@17#, this gives us some confidence that
systematic exploration of the parameter space of these
tems using template analysis may provide an accurate te
the validity of the class-B laser model.

In conclusion, we performed a template analysis of c
otic regimes from a Nd:YAG laser. This characterizati
showed a topological organization of the reverse horses
type, which to our knowledge has not yet been obser
experimentally. Topological analysis thus allowed us to u
veil clear-cut differences from previous laser experime
which would likely have remained otherwise unnotice
given the high similarity of the signals corresponding to sta
dard and reverse horseshoes.

We believe that the present work certainly motivates f
ther experiments and numerical investigations of the mo
describing both these lasers, and illustrates the relevanc
template analysis in the study of the dynamical properties
low-dimensional chaotic systems.
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